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rulimodtllar matrix) K\"onig $2$
4
2
[8, 9, 18, 20]
21
(linear programming problem)
( ) (canonical form)
$A\in\Re^{m\cross n},$ $b\in\Re^{\mathit{7}n},$ $c\in\Re^{\prime\iota}$
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$Ax\leq b,$ $x\geq 0$ $x\in\Re^{n}$ $\mathrm{c}^{T}x$
maximize $c^{T}x$
subject to $Ax\leq b$
$x\geq 0$
$\Re$ $c^{T}$ $c$ $Ax\leq b$ $x\geq 0$
(constraints) $c^{T}x$ (objective function)
-1
2.1:
maximize $2x_{1}$ $+$ $x_{2}$ $+$ $x_{3}$
subject to $2x_{1}$ $+$ $2x_{2}$ – $x_{3}$ $\leq$ 4
$2x_{1}$ $+$ $4x_{3}$ $\leq$ 4 (2.1)
$-4x_{1}$ $+$ $3x_{2}$ $-$ $x_{3}$ $\leq$ 1
$x_{1}\geq 0,$ $x_{\mathit{2}}\geq 0,$ $x_{3}\geq 0$
$x$ (feasible solution)
2.1 $(x_{1}, x_{2}, x_{3})=(0,0, \mathrm{o}),$ $(2,0,0)$
(feasible region)
( ) (optimal solution)
$(x_{1}, x_{2}, x_{3})=(2,0,0)$ 2.1
:
maximize $x_{1}$ $+$ $5x_{2}$
subject to $x_{1}$ $+$ $x_{2}$ $\geq$ 5




maximize $3x_{1}$ – $x_{2}$
subject to $-x_{1}$ $+$ $x_{2}$ $\leq$ 6
$-x_{1}$ $-$ $2x_{2}$ $\leq$ $-4$
$x_{2}$
$x_{1}arrow\infty$





$\epsilon$ $X+\mathcal{E}Z$ $z$ $x$ (feasible
direction) $c^{T}z>0$ $x$
$z$





(slack variable) $x_{4},$ $x_{5},$ $x_{6}$
$z=2x_{1}+x_{2}+x_{3}$
maximize $z$
subject to $x_{4}$ $=$ 4 – $2x_{1}$ – $2x_{2}$ $+$ $x_{3}$
$x_{5}$ $=$ 4 $2x_{1}$ $4x_{3}$
(2.2)
$x_{6}$ $=$ 1 $+$ $4x_{1}$ $3x_{2}$ $+$ $x_{3}$
$z$ $=$ $0$ $+$ $2x_{1}$ $+$ $x_{2}$ $+$ $x_{3}$
$x_{1},$ $x_{2},$ $x_{3},$ $x_{4},$ $x_{5},$ $x_{6}\geq 0$








(nonbasic variable) $x_{1},$ $x_{\mathit{2}},$ $\text{ _{}3}$
( $x_{4},$ $x_{5},$ $x_{6},$ $z$ ) – $0$
:





$x_{1},$ $\text{ _{}2},$ $x_{3}$
$0$
$x_{1}=1$ $\text{ _{}4}=2$ , $\text{ _{}5}=2$ , $x_{6}=5$ , $z=2$ –
$x_{1}=3$ $x_{4}=-2$ , $x_{5}=-2$ , $x_{6}=13$ , $z=6$ –
$z$
$z$ $x_{1}$ $(=2)$
$x_{2}$ $x_{3}$ $\text{ _{}1}$
$z$
$x_{4}$ $x_{5}$ 2
$(x_{1}, x_{2}, x3, x4, x_{5}, x_{6}, z)=(2,0,0, \mathrm{o}, \mathrm{o}, 9,4)$ (2.5)
$x_{1}$ $x_{1}>0,$ $x_{4}=$
$x_{5}=0$ (2.4) $x_{1}$ $x_{4}$ ( $x_{5}$ )
$x_{4}$. .







(2.6) $\text{ _{}i}$ $z$ (2.2)
( )

















( $b_{i},$ $a_{is}$ )
$b_{r}/|a_{rS}|= \min\{bi/|a_{is}||a_{is}<0,0\leq i\leq?n\}$ , $a_{rS}<0$ ( )
$x_{r}$ ( $x_{r}$ )






subject to 4 $=$ $0$ $-$ $2x_{1}$ $+$ $x_{2}$ $-$ $x_{3}$
5 $=$ $0$ $-$ $3\text{ _{}1}$ $-$ $x_{\mathit{2}}$ $-$ $x_{3}$
$x_{6}$ $=$ $0$ $+$ $5\text{ _{}1}$ $-$ $3\text{ _{}2}$ $+$ 2 3
$z$ $=$ $0$ $+$ 1 $-$ 2 2 $+$ $x_{3}$
$x_{1},$ $x_{2},$ $x_{3},$ $x_{4},$ $x_{5},$ $x_{6}\geq 0$
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. Step 1 ;
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Step 2




















maximlze $2\text{ _{}1}$ $+$ 2 $+$ 3
subject to $2\text{ _{}1}$ $+$ $2\text{ _{}2}$ $-$ 3 $\leq$ 4
$2\text{ _{}1}$ $+$ $4_{\text{ _{}3}}$ $\leq$ 4 (2.8)
$-4x_{1}$ $+$ $3\text{ _{}2}$ $-$ $x_{3}$ $\leq$ 1
1 $\geq 0$ , 2\geq 0, 3\geq 0
–
(2.8) 1 $\text{ }\frac{1}{\mathit{2}}$
2 $\text{ }\frac{1}{2}$
$2\text{ _{}1}+\text{ _{}2}+1.5\text{ _{}3}\leq 4$
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$\text{ _{}i}$
$2\text{ _{}1}+\text{ _{}2}+x_{3}\leq 2\text{ _{}1}+\text{ _{}2}+15_{\text{ _{}3}}\leq 4$
4 (2.8) 1 $\text{ }$
2 3 $y_{1},$ $y_{2},$ $y_{3}$ :
$(2y_{1}+2y_{\mathit{2}}-4y_{3})\text{ _{}1}+(2y1+3y_{3})\text{ _{}2}+(-y1+4y2-y3)x_{3}\leq 4y_{1}+4y_{2}+y3$
$\text{ _{}i}$ $4y_{1}+4y_{2}+y_{3}$
minimize $4y_{1}$ $+$ $4y_{2}$ $+$ $y_{3}$
subject to $2y_{1}$ $+$ 2$y_{2}$ – $4y_{3}$ $\geq$ 2
$2y_{1}$ $+$ $3y_{3}$ $\geq$ 1 (2.9)
$-y_{1}$ $+$ $4y_{\mathit{2}}$ $-$ $y_{3}$ $\geq$ 1
$y_{1}\geq 0,$ $y_{\mathit{2}}\geq 0,$ $y_{3}\geq 0$
(2.8) $A\in\Re^{m\cross n},$ $b\in\Re^{m},$ $c\in\Re^{n}$
maximize $c^{T}x$




subject to $A^{T}y\geq c$ (2.11)
$y\geq 0$





23( ) : (2.10) (2.11) $x,$ $y$
$c^{T_{X\leq b}\tau_{y}}$
: $x,$ $y$ (2.10) (2.11) :
$c^{T}x$ $\leq$ $(A^{T}y)^{T}x$ $=$ $y^{T}Ax$ $(A^{T}y\geq c, x\geq 0X\text{ })$
$\leq$ $b^{T}y$ $(Ax\leq b, y\geq 0\mathit{1};\text{ })$
I
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22.4: ( ) ( )
25: (2.10) (2.11) $x,$ $y$
$c^{T}x=b^{\tau}y$ $x,$ $y$
25
26( ) : ( ) ( )
–
27( ) : (2.10) (2.11) $x,$ $y$
(complementary slackness)
:
(i) $x_{j}=0$ $c_{j}=A_{j}^{T}.y$ ( $j=1,$ $\ldots,$ $n$ )
(ii) $A_{i^{X}}.=b_{i}$ $y_{i}=0$ ( $i=1,$ $\ldots,$ $m$ )
$A_{j}.,$ $A_{i}$ . $A$ j $i$





28(Farkas ) : $A\in\Re^{m\cross n},$ $b\in\Re^{n}$ –
(1) $Ax=b,$ $x\geq 0$ $x\in\Re^{n}$
(2) $A^{T}u\geq 0,$ $b^{T}u<0$ $u\in\Re^{m}$


















$|=$ , $\geq 0$ (2.12)
$r$
$(y, u, v)\in\Re^{m+n+1}$ $I$ $n\cross n$ Farkas
$Az\leq bw$ , . $(w, z)\geq 0$ , $c^{T}z>(c^{T}x^{*})w$ (2.13)
$(w, z)\in\Re^{n+1}$ $w=0$ $z$ $Az\leq 0,$ $z\geq 0,$ $c^{T}z>0$
$\lambda$ $A(x^{*}+\lambda z)\leq b,$ $(x^{*}+\lambda z)\geq 0,$ $c^{T_{X}*}<c^{T}(x^{*}+\lambda z)$
$x^{*}$ (2.10) - $w>0$ $z/w$ (2.10)
$c^{T}x^{*}$ $x^{*}$ (2.12)
$(y, u, v)$ $y$
$b^{\tau_{y\leq C^{\tau_{X}*}}}$ , $A^{T}y\geq c$ , $y\geq 0$









subject to $Ax\leq b$ (2.14)
$x\geq 0$
maximize $0^{T}x$




subject to $-A^{T}y\leq 0$ (2.16)
$y\geq 0$








F $w=$ $(w_{e} : e\in X)$
$\max\sum F\in \mathcal{F}e\in Fw_{e}$
(3.1)
$F\in \mathcal{F}$ – $\mathcal{F}$
$G=(V, E)$ ‘ $X$ $V$ $\mathcal{F}$ $w=(1, \cdots, 1)$
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$U\subseteq V$ 2 $U$
$G$ (stable set)




$0$ if $e\not\in F$.
(3.1) ‘ ’
maximize $w^{T}x$ subject to $x\in P(\mathcal{F})\equiv \mathrm{c}\mathrm{o}\{\chi(F) : F\in \mathcal{F}\}$ (3.2)
$\mathrm{c}\mathrm{o}\{\cdots\}$ $F$
(3.2) $P(F)$ (3.2)
‘ ’ $P(\mathcal{F})$ (3.2)
$P(\mathcal{F})$
$P(\mathcal{F})$ $Ax\leq b$ {X: $Ax\leq b$}



















subject to $A^{T}x\leq 1$
$x\in\{0,1\}V$
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$1=(1, \cdots, 1)$ $x\in\{0,1\}^{V}$




$G=(V, E)$ $M\subseteq E$ 2 $M$ $G$
maximize $\mathrm{L}^{T}x$
subject to $Ax\leq 1$ (3.4)
$x\in\{0,1\}^{E}$
$A$ $G$ $G$ $A$
$Ax\leq 1,$ $x\in\{0,1\}^{E}$ $x$








subject to $Ax\leq 1$ (3.6)
$x\geq 0$
minimize $1^{T}y$
subject to $A^{T}y\geq 1$ (3.7)
$y\geq 0$
(3.6) $x\leq 1$ $Ax\leq 1$
(3.6) (3.7)
$0$ 1 (3.4), (3.5)









subject to $Ax\leq 1$ (3.8)
$x\in\{0,1\}^{E}$
$E=\{1,2, \cdots\}$
$w_{1}\geq w_{\mathit{2}}\geq\cdots$ $M=\emptyset,$ $k=1$
















$\hat{y}$ $f\not\in M^{g}$ $i$ $j$
$f’$ $M^{g}$ ‘ $w_{f’}\geq w_{f}$
$\hat{y}_{i}+\hat{y}_{j}\geq w_{f’}\geq w_{f}$ $\hat{y}$ (3.10) (3.10)
$z$




$A$ (totally unimodular) 1, $-1$ $0$
1, $-1,0$
31: $A$ $b$ $P=\{x : Ax\leq b\}$
$P$
: $F$ $Ax\leq b$ $A’x\leq b’$ $F=\{x:A_{X}’=b’\}$







32: $G=(V, E)$ $A$ $A$
$G$ 2
: $A$ $U$ $U$ 2
$U$ $0$ 2




$U$ 1, $-1,0$ - $G$ 2
$A$ 1, $-1,0$
$A$ I





(3.4) - (3.6) (3.7)
–










$\Re^{n}$ $L$ $\Re^{n}$ (linear subspace)
$x,$ $y\in L,$ $a,$ $b\in\Re$ $\Rightarrow$ $ax+b\dot{y}\in L$
$x$ $\sigma(x)$
(signed vector)
$x=(1, 9, -6, -1,0,0)$ $arrow$ $\sigma(x)=(++--00)$
$y=$ $(1, -9, 6, 0,0,7)$ $arrow$ $\sigma(y)=(+-+00+)$
$\sigma(L)$ :
$\sigma(L)$ $=$ $\{\sigma(x)|x\in L\}$
$\sigma(L)$ $L$
(L1) $0\in L$
(L2) $x\in L$ $\Rightarrow$ $-x\in L$
(L3) $x,$ $y\in L,$ $0<\epsilon\ll 1$ $\Rightarrow$ $x+\epsilon y\in L_{0}$
(L4) $x,$ $y\in L,$ $\text{ }f\cross yf<0$ $\Rightarrow$ $|y_{f}|x+|\text{ }f|y\in L\mathrm{o}$
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(L1) $a=b=0$ (L2) $a=-1,$ $b=0$
(L3) $\epsilon$
(L1) & $\sigma(L)$ $0$ $0$
(L2) $\sigma(L)$ $\sigma(L)$
(L3) $x,$ $y$ 6
$\sigma(x)$ $=$ $( + + - - 0 0 )$
$\sigma(y)$ $=$ $( + - + 0 0 + )$
$\sigma(x+\epsilon y)$ $=$ $( + + - - 0 + )$
$\sigma(x)$ $0$ $\sigma(x+\epsilon y)$
( 1 4 ) $0$ $\sigma(y)$ ( $5_{\text{ }}6$
) (L4) $x,$ $y$ $f=2$
.
$\sigma(x)$ $=$ $( + + - - 0 0 )$
$\sigma(y)$ $=$ $( + - + 0 0 + )$
$\sigma(|y_{\mathit{2}}|X+|x\mathit{2}|y)$ $=$ $( + 0 ? - 0 + )$
$|y_{2}|x+|\text{ _{}\mathit{2}}|y$ $f$ 2 $0$ $x$
$y$ ( 1 $\text{ }4_{\text{ }}5_{\text{ }}6$ ) $x,$ $y$
- 3 $0$ $x_{3},$ $y_{3}$




$X\text{ }+,$ $0,$ $-$ $X=$ $(X_{e} : e\in E)$ $E$ (signed
vector) $\circ$ $E=\{1,2,3,4,5,6\}$
{ 1 2 3 4 5 6 } $=E$
$X$ $=$ $( + + - - 0 0 )$
$\mathrm{Y}$ $=$ $( + - + 0 0 + )$
$E$
$X,$ $Y,$ $Z$ $E$ $\{+, \mathrm{o}, -\}^{E}$ $X$
-X $X$
-X $=$ $( - .- + + 0 0 )$
: $X^{+}=\{e\in E|X_{e}=+\},$ $X^{0}=\{e\in E|X_{e}=$
$0\},$ $X^{-}=\{e\in E|X_{e}=-\}$ , –X=X+\cup X- $X,$ $\mathrm{Y}$
$X\circ \mathrm{Y}$
$(X \circ Y)_{e}=\{$
$X_{e}$ ( $X_{e}\neq 0$ (7) )
$\mathrm{Y}$ ($X_{e}=0$ )
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$X\circ Y$ $X$ $Y$ (composition)
$x,$ $y$ $x+\epsilon y$ (X $\mathrm{o}\mathrm{Y}$ ) $\mathrm{o}Z=X\mathrm{o}(Y\mathrm{o}Z)$
$X,$ $Y$ $D(X, \mathrm{Y})$
$D(X, Y)=$ { $e\in E|X_{e}=-Y$ $\neq 0$ } $=(X^{+}\cap Y-)\cup(x^{-}\cap Y^{+})$
$E$
$\mathcal{F}\subseteq\{+, \mathrm{o}, -\}^{E}$ 4 $\mathcal{F}$ $E$ (oriented
matroid) :
(F1) $0\in F$
(F2) $X\in \mathcal{F}$ $\Rightarrow$ $-X\in \mathcal{F}$
(F3) , $X,$ $Y\in F$ $\Rightarrow$ $X\circ Y\in \mathcal{F}$
(F4) $X,$ $Y\in \mathcal{F},$ $f\in D(X, Y)$
$\Rightarrow$ $\langle \mathcal{F}l3:\text{ }\backslash \text{ }\mathrm{x}_{\mathrm{B}^{1^{\vee}}\cdot \mathcal{D}}\grave{)}\text{ }z_{f}=0e\not\in D(",Y)z\not\in:_{X}\mathrm{a}\theta.\cdot$ $Z_{e}=(X\circ Y)_{e}\rangle\circ$




1970 Bland Las $\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{n}\mathrm{a}\mathrm{s}1^{6}$ ] $\text{ }$
Folkman $\mathrm{L}\mathrm{a}\mathrm{w}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}[11]$
[7, 10, 16] $[2, 3]$
[3]
$0$
$x$ $=$ $(+1, +2, -2, -3, +2, 0 )$
$y$ $=$ $(+6, -1, +2, 0, 0, +3 )$
$z$ $=$ $(0, 0, 0, +1, +1, 0 )$
$x$ $y$ $y$ $z$ $0$
- $x$ $y$ – ( 1 )
( $2_{\text{ }}3$ ) $0$
$y$ $z$ – $0$
$X,Y\in\{+, \mathrm{o}, -\}^{E}$ – (orthogonal)
$X1Y$ :
(01) $e\in E$ $X_{e}=0$ $Y_{e}=0$
(02) $f,$ $g\in E$ $X_{f}=Y_{f}\neq 0$ $X_{g}=-Y_{g}\neq 0$
$x$ $z$
$\sigma(x)$ $\sigma(z)$
– $F\subseteq\{+, \mathrm{o}, -\}^{E}$
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42: $[6, 12]$ $\mathcal{F}$ $F^{*}$




subject to $Ax=b$ (4.1)
$x\geq 0$
$A\in\Re^{m\cross n},$ $b\in\Re^{m},$ $c\in\Re^{n}$
– $=c^{T}x$
$\text{ _{}g}$ (4.1) :
maxlmlze $x_{f}$
subject to $f$ $-$ $c^{T}x$ $=$ $0$
(4.2)
$Ax$ $-bx_{g}$ $=$ $0$





subject to ( $f,$ $x,$ $\text{ _{}g}$ ) $\in L$ (44)








$\mathcal{F}$ $E$ 2 $f,$ $g$
(oriented matroid programming problem) ‘ ’ :
maximize $x_{f}$
subject to $X\in \mathcal{F}$ (4.5)
$X_{g}=+,$ $X_{H}\geq 0$
$H=E-\{f, g\}$ $X_{H}$ $X$ $H$ $X_{H}\geq 0$





(affine space) g $0$
$A^{\infty}=\{Z\in \mathcal{F}|z_{\mathit{9}}=0\}$
(in nite space) (direction space) $\circ$
$L$ $x$ g 1 (direction)
$L$ $z$ g $0$ $x+Z$ $L$ g
1 $X\circ Z$
$X$ $X_{H}\geq 0$ $(F, g, f)$ (feasible
solution) (feasible region) (polyhedron)
$\mathcal{P}$ $\mathcal{P}$ $(\mathcal{F}, g, f)$ (feasible)
(infeasible)
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$X$ $X\mathrm{o}Z\in \mathcal{P}$ $Z$ $X$ (feasible
direction) $x$ $z$ $\mathit{6}>0$
$x+\epsilon:z$ $z$ (4.4)
$x$ $z_{f}>0$ $x$ $z$




$(F, g, f)$ $Z_{g}=0,$ $z_{f}=+$ $Z_{H}\geq 0$ $Z$ $1\mathcal{F},$ $g,$ $f$ )
(unbounded) (bounded)
(4.5)
1 $\text{ }$ $2$ 3
$\mathcal{F}=\sigma(L)$ (4.4) (4.5)
4
43( ) : $(\mathcal{F}, g, f)$








subject to $y_{f}$ $=$ $u_{f}$











(4.4) (4.8) 41 42
$(\mathcal{F}, g, f)$ (dual problem)
maximize $Y_{g}$
subject to $Y\in \mathcal{F}^{*}$ (4.9)
$Y_{f}=+,$ $Y_{H}\geq 0$
$(\mathcal{F}, g, f)$ $(F^{*}, f, g)$
$(\mathcal{F}^{*})^{*}=\mathcal{F}$
–
44( ) : $(F, g, f)$ $(\mathcal{F}^{*}, f,g)$ –
44 –
$\mathrm{B}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}[4]$ $\mathrm{L}\mathrm{a}\mathrm{w}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}[21]$
45( ) : $(\mathcal{F}, g, f)$ $X$ $(F^{*}, f, g)$ $Y$




$\text{ _{}i}=0$ $(A^{T}u)_{i}=C_{i}$ ( $i=1,2,$ $\cdots,$ $n$ )
26 (4.4) (4.8)







$d\cross d$ $A^{01..},$$A,\cdot,$ A $n$ $b$
maximmze $A^{0}\cdot X$
subject to $A^{i}\bullet$ $X=b_{i}$ $(i=1, \cdots, n)$ (4.10)
$X\succeq 0$
$X\succeq 0$ $X$ $X\bullet$ $Y= \sum_{i=1^{\sum}}^{dd}i=1$ X,jYij
$X\cdot Y$ $X$ $Y$ ( $d\cross$
[1]
$P=\mathrm{c}\mathrm{o}$ $x\in\Re^{1n}+$ $\text{ }0=1(a^{i})^{\tau}X\geq 0(i=1, \cdots, m)\}$
$x$
$x_{0}=1$











Goemans-Williamson $[14]_{\circ}$ $G=(V, E)$ $V$
146
$(V^{1}, V^{2})$ $w\in\Re^{E}$ $(V^{1}, V^{\mathit{2}})$
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